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Abstract
We present a systematic approach to embed n-dimensional vacuum general relativity in an (n+1)-dimensional
pseudo-Riemannian spacetime whose source is either a (non)zero cosmological constant or a scalar field minimally-
coupled to Einstein gravity. Our approach allows us to generalize a number of results discussed in the literature.
We construct all the possible (physically distinct) embeddings in Einstein spaces, including the Ricci-flat ones
widely discussed in the literature. We examine in detail their generalization, which - in the framework under
consideration - are higher-dimensional spacetimes sourced by a scalar field with flat (constant 6= 0) potential. We
use the Kretschmann curvature scalar to show that many embedding spaces have a physical singularity at some
finite value of the extra coordinate. We develop several classes of embeddings that are free of singularities, have
distinct non-vanishing self-interacting potentials and are continuously connected (in various limits) to Einstein
embeddings. We point out that the induced metric possesses scaling symmetry and, as a consequence, the effective
physical parameters (e.g., mass, angular momentum, cosmological constant) can be interpreted as functions of
the extra coordinate.
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1
1 Introduction
Kaluza’s great achievement was the discovery that extending the number of dimensions from four to five allows
the unification of gravity and electromagnetism [1]. The appearance of the “extra” dimension in physical laws was
avoided by imposing the “cylinder condition”, which essentially requires that all derivatives with respect to the fifth
coordinate vanish.
Modern higher-dimensional gravity theories, inspired by string theories, do not require this condition; it is replaced
by the assumption that matter fields are confined to our 4D spacetime, which is modeled as a singular hypersurface
or “brane” embedded in a larger (4 + d) world, while gravity is a multidimensional interaction that can propagate
in the extra d dimensions as well [2–4]. Well-known examples of such brane theories are provided by the Randall-
Sundrum [5, 6] and the Dvali-Gabadadze-Porrati scenarios [7, 8]. In the so-called space-time-matter theory, inspired
by the unification of matter and geometry, the framework is similar; the fifth dimension is not compactified and
our spacetime is identified with some four-dimensional hypersurface orthogonal to the extra dimension. The main
difference is that in the latter the hypersurface is not necessarily singular and the effective matter in 4D is derived
from vacuum in 5D, through the metric’s dependence on the extra coordinate [9–12].
Independently of the theoretical motivation, the existence of a putative large extra dimension offers a wealth of
new physics. That is illustrated by the effective equations for gravity in 4D, which predict five-dimensional local
and non-local corrections to the usual general relativity in 4D [13–22]. Also, the geodesic equation for test particles
in 5D predicts an effective four-dimensional equation of motion with an extra non-gravitational force [23–30]. As a
consequence, there has been a growing interest in models where our 4D spacetime is embedded in a higher-dimensional
space (for historical reviews and references see [31, 32]), which in turn has generated considerable attention to
embedding theorems of differential geometry and their applications to higher-dimensional theories of the universe.
In particular, Campbell-Magaard’s theorem [33], which asserts that any n-dimensional pseudo-Riemannian man-
ifold may be locally embedded in an (n+1)- dimensional Ricci-flat space, implies that it is always possible to locally
embed any solution of the 4D Einstein equations of general relativity - with an arbitrary energy-momentum tensor -
in a Ricci-flat solution of the 5D vacuum Einstein equations. Motivated by the second Randall-Sundrum braneworld
scenario and string theories, the mathematical proof of that theorem has been extended to include cases where the
higher-dimensional space has a nonzero cosmological constant, is sourced by a scalar field, and has an arbitrary
non-degenerate Ricci tensor [34–40]. However, it is important to note two things: First, embedding theorems provide
the conditions that guarantee the existence of the embedding, but they do not show how to produce the actual
embedding. Second, there are many ways of embedding a 4D spacetime in a higher-dimensional manifold [41, 42].
A neat example of this is provided by the problem of embedding vacuum solutions of n-dimensional general
relativity in an (n+ 1)-dimensional manifold. In fact, there are a number of works proposing specific embeddings of
such solutions in Ricci-flat spaces, Einstein spaces, and spaces sourced by a massless minimally-coupled scalar field.
A natural question to ask is whether these (seemingly disconnected) embeddings are related to each other, and if
so how? In this paper we present a systematic approach that allows us to tackle all these embeddings in a unified
manner in such a way that we (i) reproduce known results, (ii) construct new embeddings and (iii) give concrete
answers to the above-mentioned questions. Our results complement and generalize those obtained in [36, 43–48].
The paper is organized as follows. In Section 2 we provide the field equations and perform the dimensional
reduction. We show that there are infinite ways of building these embeddings as there are infinite ways of prescribing
the embedding function. In Section 3 we construct all the possible embeddings in Einstein spaces, including the Ricci-
flat ones discussed in [43,44]. By construction they are free of the degeneracy noted by Fonseca-Neto and Romero [46].
In Section 4 we examine in detail the simplest generalization of Einstein embeddings, which - in the framework under
consideration - are spaces with one extra dimension sourced by a scalar field with flat (constant 6= 0) potential. We
use the Kretschmann curvature scalar, which we calculate in Appendix A, to show that many embedding spaces
have a physical singularity at some finite value of the extra coordinate. In Section 5 we develop several classes of
embeddings that are free of singularities, have distinct non-vanishing self-interacting potentials and are continuously
connected (in various limits) to the Einstein embeddings of Section 3. In Section 6 we summarize some of the physical
implications. We point out that the induced metric possesses scaling symmetry and, as a consequence, the effective
physical parameters (e.g., mass, angular momentum, cosmological constant) can be interpreted as functions of the
extra coordinate. We show that the non-vanishing logarithmic derivative of the embedding function is responsible
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for the appearance of an extra force in n-dimensions.
2 Field equations and dimensional reduction
Let us consider an n-dimensional Lorentzian manifold (Σ, gab), which is a solution of the n-dimensional Einstein
equations of general relativity in vacuum with cosmological constant Λ(n), i.e.,
(n)Gab = Λ(n) gab, (a, b = 0, 1, ... , n− 1). (1)
Here, we will show how such a manifold may be embedded in a solution of the Einstein equations in (n+1) dimensions
(n+1)GAB = κ
(n+1)TAB, (A, B = 0, 1, ... , n), (2)
where κ represents the gravitational constant in (n + 1) dimensions and (n+1)TAB, following Anderson et al. [45],
is the energy-momentum of a real massless scalar field Ψ, minimally-coupled to Einstein gravity and self-interacting
through a potential V (Ψ). The energy momentum tensor of such a field is
(n+1)TAB = ΨAΨB − 1
2
γAB ΨCΨ
C − γAB V (Ψ). (3)
Here Ψ is dimensionless, V has the units of (length)−2 and γAB is the metric of the (n + 1)-dimensional space. In
this framework we will be able to expand and generalize a number of previous results found in the literature.
To construct an embedding for (Σ, gab) it is convenient to work in Gaussian normal coordinates where the line
element in (n+ 1) has the form
dS2 = γAB dx
AdxB = γab dx
adxb + ǫdy2, (4)
where y represents the coordinate along the (n + 1)-th dimension and ǫ = −1 or ǫ = 1 depending on whether it is
spacelike or timelike, respectively. Next, we adopt the ansatz used by Mashhoon and Wesson [43, 44] and split γab
into two parts via
γab = e
2β(xρ,y) gab(x
ρ). (5)
Now we proceed to solve the field equations (2)-(3) subject to this split.
To compute the components of the Ricci tensor, we first calculate the Christoffel symbols. From (4)-(5) it follows
that γab = gab e−2β , γyy = γyy = ǫ and γya = 0. Thus, we obtain
Kyyy = K
a
yy = K
y
ay = 0
Kbya = β
′ δba, K
y
ab = −ǫ β′ e2β gab
Kcab = Γ
c
ab + (βa δ
c
b + βb δ
c
a − βc gab) , (6)
whereKCAB and Γ
c
ab are the Christoffel symbols formed from γAB and gab, respectively; β
′ = (∂β/∂y); βa = (∂β/∂xa)
and βa = gab (∂β/∂xb).
Consequently, the Ricci tensor for the metric (4)-(5) can be written as
(n+1)Rya = −(n− 1)β′a (7)
(n+1)Ryy = −n (β′′ + β′2) (8)
(n+1)Rab =
(n)Rab + σab − ǫ
(
β′′ + nβ′2
)
e2β gab, (9)
where
σab = (2− n) [βa;b − βa βb]− gab [(n− 2)βc βc + βcc ] . (10)
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Here βa;b is the covariant derivative constructed with Γ
c
ab and β
c
c = g
ab βa;b.
The field equations (2)-(3) imply
(n+1)RAB = κ
[
ΨAΨB +
2V
(n− 1) γAB
]
. (11)
In what follows n 6= 1, because there is no Einstein gravity in one dimension (the concept of curvature requires at
least two dimensions). Since γya = 0, from this and (7) it follows that (n− 1)β′a = −κΨaΨ′. This equation admits
immediate integration if Ψ = constant, or in a more general case when either Ψ′ = 0 or Ψa = 0. To make contact
with [43–45], we assume here that Ψa = 0, which means that Ψ is either a constant or only depends on y. As a
consequence (n+1)Ray = 0 and we obtain
e2β(x
ρ,y) = F (y) e2f(x
ρ), (12)
where F (y) and f(xρ) are arbitrary functions of integration. In addition from (9) and (11) we get
(n)Rab =
{
ǫ
2
[
F ′′ +
(n− 2)
2
F ′2
F
]
+
2 κV
(n− 1) F
}
e2f gab − σab. (13)
If f = f0 = constant, then σab = 0 and the embedded metric gab represents an Einstein space. In this case, from (1)
it follows that the term multiplying the metric is [2Λ(n)/(2− n)]. Thus we find
κV = − ǫ (n− 1)
4
[
F ′′
F
+
(n− 2)
2
F ′2
F 2
+
4 ǫΛ˜(n)
(n− 2)F
]
, (14)
where Λ˜(n) = Λn e
−2f0 . In what follows we omit the tilde.
Similarly, equating the expressions for (n+1)Ryy from (8) and (11), and using (14), we find
κΨ′2 = − (n− 1)
2
[
F ′′
F
− F
′2
F 2
]
+
2 ǫΛ(n)
(n− 2)F . (15)
Thus, the potential and the scalar field are completely determined by the function F (y).
Without loss of generality we can set f0 = 0, which is equivalent to a change of scale of coordinates, viz., e
f0 x→ x.
After such a change, the line element in (n+ 1) becomes
dS2 = F (y) gab dx
adxb + ǫdy2, (16)
which for every given F provides an embedding for (Σ, gab). The field equations do not give an equation for F , which
reflects the fact that there are an infinite ways of embedding an n-dimensional manifold in an (n + 1)-dimensional
space. To investigate the presence of singularities in these embeddings, in Appendix A we evaluate the Kretschmann
scalar for metric (16).
To complete the discussion we should mention that (14) and (15) are consistent with the equation of motion of
the scalar field
ΨC;C −
dV
dΨ
= 0. (17)
In fact, for the line element (16) this equation reduces to
Ψ′Ψ′′ +
n
2
F ′
F
Ψ′2 − ǫV ′ = 0, (18)
which is identically satisfied by (14) and (15). This is what we expected because the equations of the gravitational
field contain the equations for the matter which produces the field.
Also, we provide the non-vanishing mixed components of the energy-momentum tensor (3). They are
4
κ (n+1)T
0
0 =
ǫ (n− 1)
2
[
F ′′
F
+
(n− 4)
4
F ′2
F 2
]
+
Λ(n)
F
(19)
κ (n+1)T
y
y =
ǫ n(n− 1)
8
F ′2
F 2
+
nΛ(n)
(n− 2)F , (20)
and T 00 = T
1
1 = · · · = T nn (no summation). In what follows we set κ = 1.
In the above equations n 6= 2. However, this does not impose physical restrictions because in two-dimensions the
Einstein tensor vanishes identically, so the cosmological constant Λ(2) must be zero. Therefore, if one wants to use
these equations for n = 2 one should set
[
Λ(n)/(n− 2)
]
n=2
= 0 everywhere.
2.1 Checking the equations
To check the above equations we apply them to the case where F (y) = (1 + λy)2p and Λ(n) = 0 considered by
Anderson et al. [45]. Here p and λ are constants. Substituting into (15) we get
Ψ′2 =
p (n− 1)λ2
(1 + λy)2
. (21)
Thus,
Ψ = q ln |1 + λy|+Ψ0, (22)
where Ψ0 is a constant of integration and
q2 = p (n− 1) (23)
The corresponding potential (14) is
V (Ψ) = − ǫ q
2 λ2 (np− 1)
2
e−2(Ψ−Ψ0)/q. (24)
Expressions (22)-(24) reproduce the results of section 3.2 of [45] (in that paper ǫ = 1).
3 Einstein embeddings: Ψ = constant
The simplest way to construct a particular embedding for the metric gab is to prescribe the function F (y). However,
we have no physical arguments which would allow us to decide in favor of some particular choice.
In this section we assume Ψ = constant, which means that the embedding universe is an Einstein space with, in
general, nonzero Ricci curvature. This assumption provides an equation for F . Namely, from (15) we get
FF ′′ − F ′2 − 4 ǫΛ(n)
(n− 1)(n− 2) F = 0. (25)
The first integral to this equation is
F ′2 = C F 2 − 8 ǫΛ(n)
(n− 1)(n− 2) F, (26)
where C is a constant of integration with dimensions of (length)−2. Substituting this into (14) we find
V = − ǫ C n(n− 1)
8
. (27)
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In the case under consideration the energy-momentum tensor (3) reduces to (n+1)TAB = −V γAB, which implies that
−V can be interpreted as the cosmological constant Λ(n+1) in (n+ 1)-dimensions. Thus,
C =
8ǫΛ(n+1)
n(n− 1) . (28)
Consequently, when Ψ = constant the function F is determined by the equation
F ′2 =
8 ǫ F
n− 1
[
Λ(n+1)
n
F − Λ(n)
n− 2
]
. (29)
3.1 The function F (y) for Einstein embeddings
Equation (29), for n 6= 2, has seven distinct types of solutions that depend on Λ(n), Λ(n+1) and ǫ. For n = 2 it has a
unique solution which is given by (30) below.
Type I: The simplest solution is F = F0 = constant. From (25) and (29) it follows that F is constant only if
Λ(n) = Λ(n+1) = 0.
Type II: These are solutions for Λ(n) = 0, Λ(n+1) 6= 0. From (29) we find that this case requires ǫΛ(n+1) > 0,
which means that the (n + 1)-dimensional spacetime is anti-de Sitter (de Sitter) if the extra dimension is spacelike
(timelike). The solution is
F (y) = F0 e
s
√
C y, C > 0, s = ±1, (30)
where F0 is a constant of integration and C is given by (28). When Λ(n+1) → 0 we recover the constant solution.
This type of embedding is reminiscent of the reduction ansatz used in the RS-2 scenario of braneworld theory1 [6].
It allows to embed any solution of the n-dimensional Einstein field equations in vacuum with zero cosmological
constant in an (n+ 1)-dimensional Einstein space with a nonzero cosmological constant.
Type III: These are solutions for Λ(n+1) = 0, Λ(n) 6= 0. In this case the (n + 1)-spacetime is usually called
Ricci-flat. To obtain solutions to (29) in terms of real functions we should take ǫΛ(n) < 0. Also, to simplify the
notation we introduce the quantity
Λ¯(n) =
6Λ(n)
(n− 1)(n− 2) , (31)
in terms of which the solution can be written as
F (y) =
√−ǫ Λ¯(n)
3
y +
√
F0
2 . (32)
It reduces to the constant solution when Λ(n) → 0. This embedding generalizes to an arbitrary number of dimensions
the ones obtained in [43, 44, 46].
When Λ(n) 6= 0 and Λ(n+1) 6= 0 the solutions of (29) crucially depend on the sign of ǫΛ(n+1). If ǫΛ(n+1) > 0,
then ǫΛ(n) can be positive, negative or zero and the solutions are expressed in terms of exponentials. If ǫΛ(n+1) < 0,
then ǫΛ¯(n) must be negative and the solutions are oscillatory. In addition, their behavior depends on the choice of
the remaining constant of integration. Here we choose it in such a way that we recover the solutions of Type I -
Type III in the appropriate limits.
1In that scenario y in (30) is replaced by its modulus, so that F ′ is discontinuous at y = 0, which gives a delta-function contribution
to (n+1)RAB .
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Type IV: These are solutions for ǫΛ(n+1) > 0 and Λ(n) 6= 0, which contain those of Type II as a limiting case
(s
√
C y ≫ 1). There are three “subtypes”.
• Type IVa. These are embeddings that admit both signs of ǫ Λ¯(n). In the limit Λ(n) → 0 they yield (30),
independently of Λ(n+1) (or C). Namely,
F (y) = F0 e
s
√
C y
[
1 +
ǫ Λ¯(n)
3F0 C
e−s
√
C y
]2
, C 6= 0. (33)
• Type IVb. These embeddings require ǫ Λ¯(n) < 0, and in the limit Λ(n+1) → 0 reproduce (32), viz.,
F (y) = −4 ǫ Λ¯(n)
3C
sinh2
[√
C (y + y˜)
2
]
, ǫ Λ¯(n) < 0, (34)
where y˜ is a constant. If we choose y˜ =
(−3 ǫ F0/Λ¯n)1/2, then in the limit C → 0 (Λ(n+1) → 0) we recover the
Ricci-flat embedding (32). When ǫ = −1 this function allows to embed any solution of the n-dimensional Einstein
field equations in vacuum with Λ(n) > 0 in an (n+ 1)-dimensional Einstein space with Λ(n+1) < 0.
• Type IVc. These embeddings require ǫ Λ¯(n) > 0 and do not support the limits Λ(n+1) → 0, Λ(n) → 0,
separately. Namely,
F (y) =
4 ǫ Λ¯(n)
3C
cosh2
[√
C (y + y˜)
2
]
, ǫΛ¯(n) > 0. (35)
However, if we assume that the cosmological constants are related, e.g., as
Λ(n) = F0
(n− 2)
n
Λ(n+1), F0 = constant > 0 (36)
then (35) becomes (without loss of generality we set y˜ = 0)
F (y) = F0 cosh
2
(√
C y
2
)
, ǫΛ¯(n) > 0. (37)
which in the limit Λ(n) → 0 (Λ(n+1) → 0) is well-behaved and reproduces the constant (Type I) solution. When
ǫ = −1 this function allows to embed any solution of the n-dimensional Einstein field equations in vacuum with
Λ(n) < 0 in an (n + 1)-dimensional Einstein space with Λ(n+1) < 0. By virtue of the relation (36), here Λ(n) is an
adjustable parameter; by selecting F0 appropriately it can be chosen to be small enough to be phenomenologically
realistic, regardless of the size of Λ(n+1) [49].
Type V: These are the trigonometric counterparts of (34), (35) and (37), which are the solutions to (29) when
ǫΛ(n+1) < 0. All of them require ǫΛ¯(n) < 0, since F is nonnegative.
The counterpart of (34) is a new solution, viz.,
F (y) = −4 ǫ Λ¯(n)
3ω2
sin2
[
ω (y + y˜)
2
]
, ω =
√
−C > 0, ǫ Λ¯(n) < 0. (38)
In the limit C → 0 (Λ(n+1) → 0) it reduces to the Ricci-flat embedding (32). However, the trigonometric counterpart
of (35), with C = −ω2, is not a new solution because after a simple change y˜ → (y˜ − π/ω) it reduces to (38). If we
apply the same procedure to (37) we find that
F (y) = F0 cos
2
(ω y
2
)
, ω =
√
−C, (39)
is an embedding function only if (36) holds true, viz., ω =
√−C =
√
− 4 ǫΛ¯(n)3F0 . For ǫ = −1, (38) and (39) serve to
embed n-dimensional vacuum solutions with Λ(n) > 0 in an (n+1)-dimensional Einstein space with Λ(n+1) > 0. The
difference is that Λ(n) and Λ(n+1) are independent parameters in (38), but not in (39).
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3.2 Singularities of the Einstein embeddings
To investigate the singularities we use the Kretschmann curvature scalar. Substituting (25)-(26) into (A-8) we obtain
K̂2 =
1
F 2
[
K2 − 2
9
n(n− 1) Λ¯2(n)
]
+
8 (n+ 1)
n(n− 1)2 Λ
2
(n+1). (40)
Note that for embeddings of Type II, F becomes zero only asymptotically, as (s y)→ −∞. Those of Type IV with
ǫΛ(n) > 0 have F (y) > 0, for all values of y. However, F does reach zero at some finite value of y, say y = y∗, when
ǫΛ(n) < 0. In the latter case, y = y∗ is a curvature singularity, unless the term in square bracket is zero. As far as
we know, the only case where this is so is the n-dimensional de Sitter space.2 So the embeddings of3 dSn or AdSn
in dSn+1 or AdSn+1 are the only ones which are free of singularities at y∗; the embedding of any other metric, for
example the Schwarzschild-de Sitter metric, will be singular at those hypersurfaces.
It may be verified that the behavior of all solutions with ǫΛ(n) < 0, namely (32)-(34) and (38)-(39), near y∗ is
F (y)
y→y∗−→ − ǫ Λ¯(n)
3
(y − y∗)2. (41)
With the transformation y˜ = (y − y∗), which is a change to a new zero point for y, the line element (16) near y∗
becomes (omitting the tilde)
dS2
y→0−→ − ǫ Λ¯(n)
3
y2 gab dx
a dxb + ǫ dy2, ǫ Λ¯(n) < 0. (42)
When n = 4 and ǫ = −1 this reduces to the (pure) canonical metric employed by Mashhoon and Wesson [43, 44] to
embed vacuum solutions with Λ(4) > 0 in a five-dimensional Ricci-flat space. Consequently, we can assert that the
(pure) canonical metric in (n+ 1)-dimensions (42) describes the asymptotic behavior of Einstein embeddings, with
Λ(n+1) 6= 0, near the hypersurface y = 0, which - except for dSn and AdSn - is a singular one for all embeddings of
vacuum solutions of n-dimensional general relativity.
4 Flat potential: V (Ψ) = V0 = constant
This is the simplest generalization of the Einstein embeddings discussed in the previous section. In fact, when
V = V0 = constant, (14) provides and equation for F
FF ′′ +
(n− 2)
2
F ′2 +
4ǫΛ(n)
(n− 2) F +
4 ǫV0 F
2
(n− 1) = 0, (43)
whose first integral is
F ′2 =
E
F (n−2)
− 8ǫΛ(n) F
(n− 1)(n− 2) −
8ǫ V0 F
2
n(n− 1) , (44)
where E is a constant of integration with dimensions of (length)−2. Inserting this into (15) we find
Ψ′2 =
E n(n− 1)
4Fn
, E ≥ 0, (45)
which is consistent with (18). Note that Ψ = constant when E = 0, and (44) becomes identical to (29) with a
cosmological constant in the (n + 1)-dimensional space given by Λ(n+1) = −V0, as expected. Thus, the Einstein
embeddings correspond to E = 0.
2In fact, the Riemann curvature tensor of de Sitter space in n-dimensions is given by (n)Rabcd =
2Λ(n)
(n−1)(n−2)
(gad gbc − gac gbd). In
terms of Λ¯(n), introduced in (31), we obtain K
2 = 2
9
n(n− 1) Λ¯2
(n)
.
3dSn ≡ de Sitter spacetime in n-dimensions; AdSn ≡ Anti-de Sitter spacetime in n-dimensions.
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Unfortunately there is no a general algebraic solution to these equations, but we can construct a mechanical
analog which helps us to understand the nature of the solutions. To this end we set
F = X2/n, (46)
which allows to write (44) as
1
2
µX ′2 = E − U(X), (47)
where µ = (8/n2) and
U(X) =
8 ǫ
n− 1
[
Λ(n)
(n− 2) X
2(n−1)/n +
V0
n
X2
]
, (48)
which in the language of classical mechanics describes a particle of mass µ moving in the X-direction, under the
action of a X-directed conservative force with potential U(X), and total constant energy E.
4.1 The embedding function F (y) for flat potential
Once again, there are seven distinct types of solutions depending on ǫ V0 and ǫΛ(n).
1) Solutions for Λ(n) 6= 0 and F = F0 constant: This is the simplest solution to (43)-(45). It is given by
Ψ(y) =
√
2ǫΛ(n)
(n− 2)F0 y +Ψ0, ǫΛ(n) > 0 (49)
V0 = −
(n− 1)Λ(n)
(n− 2)F0 ,
Λ(n)
V0
< 0 (50)
E =
4 ǫ Λ¯(n)
3n
[(
n− 1
n− 2
) (
−Λ(n)
V0
)](n−1)
, (51)
where to simplify the notation we have used (31). They describe the unstable equilibrium position at the top of the
curve U(X), see solutions 7 below. In the limit Λ(n) → 0 we recover the solutions of Type I.
2) Solutions for Λ(n) = 0 and V0 = 0: In this case U = 0, which describes a mechanical system in inertial
motion. The solution in terms of the field quantities is
F (y) =
∣∣∣∣∣n
√
E
2
y + 1
∣∣∣∣∣
2/n
(52)
Ψ(y) = ±
√
n− 1
n
ln
∣∣∣∣∣n
√
E
2
y + 1
∣∣∣∣∣+Ψ0. (53)
For n
√
E
2 = λ the solution is identical to that of Anderson et al. [45], given by (22), with p = 1/n for which the
potential (24) vanishes. Changing the origin y → (y − 2/n
√
E) it can be written as
F (y) =
(
n
√
E
2
y
)2/n
, Ψ(y) = ±
√
n− 1
n
ln
(
n
√
E
2
|y|
)
. (54)
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3) Solutions for Λ(n) = 0 and ǫ V0 > 0: Now U is positive and quadratic in X . Therefore, (47)-(48) represent a
simple harmonic oscillator. The corresponding solution for F and Ψ is given by
F (y) =
[
n
√
E
2ω
sin (ω y + φ)
]2/n
, ω =
√
2n ǫ V0
n− 1 (55)
Ψ(y) =
√
n− 1
n
ln tan
(
ω y + φ
2
)
+Ψ0, (56)
where φ is a constant of integration. Here the extra dimension y is restricted to the range 0 < (ω y + φ) < π.
4) Solutions for Λ(n) = 0 and ǫ V0 < 0: Again U is quadratic in X , but this time it is negative. Therefore the
functions F and Ψ have the same mathematical shape as in (55)-(56), except that now the trigonometric functions
are replaced by the corresponding hyperbolic functions and ω =
√
−2nǫ V0/(n− 1). The physical consequence is
that the extra dimension y can take arbitrary large values. In such a case, F (y)→ e2ωy/n and Ψ′ → 0 which implies
(n+1)TAB → −γAB V0 = γAB Λ(n+1). Then, by virtue of the relation between ω and V0, for large values of (ω y + φ)
these solutions approach those of Type II discussed in the previous section.
• If we set φ = (2ω/n√E), then in the limit V0 → 0 the last two solutions exactly reproduce (52)-(53).
5) Solutions for V0 = 0 and ǫΛ(n) < 0: In this case U(X) < 0 and the motion is unbounded, i.e., 0 < X <∞.
The solutions cannot be expressed in terms of elementary functions, except for E = 0. But, their qualitative behavior
is as follows: Near the origin they are well represented by (54). For X ≫ 1 they mimic those of Type III (32) for
which Λ(n+1) = 0.
6) Solutions for V0 = 0 and ǫΛ(n) > 0: Now U(X) > 0, the (fictitious) particle moves under the action of a
nonlinear restoring force ∼ −X(n−2)/n, and X is bounded to move between zero and Xmax, which is given by the
solution of the equation E = U(X). In terms of F we have 0 ≤ F ≤
(
3E
4 ǫΛ¯(n)
)1/(n−1)
.
7) Solutions for V0 6= 0 and Λ(n) 6= 0: We introduce the dimensionless parameter α as
V0
n
= α
Λ(n)
(n− 2) . (57)
Then, using the quantity Λ¯(n) introduced in (31), the function U becomes
U(X) =
4
3
ǫ Λ¯(n)
(
X2(n−1)/n + αX2
)
.
There are different solutions depending on the sign of ǫΛ(n) and α.
Perhaps the most interesting are those with ǫΛ(n) > 0 and α < 0. In that case U vanishes not only at X = 0 but
also at X = (−1/α)n/2. Thus, U has a maximum U0 = 4 ǫ Λ¯(n)3n
[
(n−1)
(−α)n
](n−1)
at X0 =
[
n−1
(−α)n
]n/2
. Consequently, for
E < U0 the motion is bounded. For E > U0, X (or F ) can take arbitrary large values. Asymptotically, for F ≫ 1
the solutions coincide with those of Type II. For E = U0, the system eventually reaches the equilibrium point X0
where X ′ = X ′′ = 0, which corresponds to a state of unstable equilibrium, since U(X) has a maximum at that point.
Such a state is described by (49)-(51).
For ǫΛ(n) < 0 and α < 0 the solutions are oscillatory and generalize those of Type V to the case where E > 0.
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4.2 Singularities of the embeddings with flat potential
To obtain the Kretschmann scalar for these embeddings we substitute (43)-(44) into (A-8) and get
K̂2 =
1
F 2
[
K2 − 2
9
n(n− 1) Λ¯2(n)
]
+
8(n+ 1)
n(n− 1)2 V
2
0 +
2E
Fn
[
ǫ V0 +
E (2n− 1)(n− 1)n
16Fn
]
. (58)
For E = 0 we recover (40), as expected. Except for (49)-(51), all solutions of (43)-(44) with E > 0 become zero at
some finite y = y∗, which is a curvature singularity even when the embedded spacetime is dSn or AdSn, and the
first square bracket vanishes. We can choose the origin of y to make F (0) = 0. With this choice, the behavior of the
solutions near the singularity is given by (54) and the line element is
dS2
y→0−→
(
n
√
E
2
y
)2/n
gab dx
a dxb + ǫ dy2, (59)
regardless of Λ(n) and V0.
5 General case: Ψ 6= constant, V 6= constant
As mentioned earlier, we have a system of two equations, namely (14) and (15), for three unknown functions,
(F, Ψ, V ). One way to close the system is to prescribe a function V = V (Ψ). However, in absence of such a function,
a more appealing procedure is to assume either Ψ = constant or V = constant, which is what we have done in the
last two Sections. Otherwise, there are infinite ways of prescribing the embedding function F .
In this section, we build several examples. To reduce the arbitrariness we select F in such a way that, in the
appropriate limits, we regain some of the previously discussed embedding spacetimes.
Example I: As a model for the choice of F we use (30). Thus we assume
F = F0 e
λy, (60)
where λ is a parameter with dimensions of (length)−1. In this case F 6= 0 for any finite value of y and the Kretschmann
scalar is
K̂2 =
K2
F 2
+
2n ǫΛ(n) λ
2
(n− 2)F +
n(n+ 1)λ4
8
. (61)
Thus, there are no singularities in (n + 1) dimensions, except for those which come from the embedded spacetime.
The corresponding scalar field and it potential can be written as
Ψ(y) =
2
λ
√
2 ǫΛ(n)
(n− 2)F0
(
1− e−λy/2
)
+Ψ0 (62)
V (Ψ) = − (n− 1)Λ(n)
(n− 2)F0 +
ǫ λ(n− 1)
2
[√
2 ǫΛ(n)
(n− 2)F0 (Ψ−Ψ0)−
λ
4
[n+ (Ψ−Ψ0)2]
]
. (63)
• In the limit λ→ 0 these expressions reduce to (49) and (50), respectively.
• If Λ(n) = 0, then Ψ = Ψ0 and V is constant. In this case the energy-momentum tensor (3) reduces to
(n+1)TAB =
ǫ n(n− 1)λ2
8
γAB. (64)
Thus, when Λ(n) = 0 the embedding space is an Einstein space with an effective cosmological constant
Λ(n+1) =
ǫ n(n− 1)λ2
8
, (65)
which implies λ = ±√C, where C is given by (28).
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Example II: Motivated by (33) we now choose the functional form
F (y) =
F0
(1 + b)2
eλy
(
1 + b e−λy
)2
, b ≥ 0, (66)
which for λ → 0 reduces to the case F = F0 given by (49)-(50), and for b → 0 gives back (60)-(63). In fact,
substituting this into (15) and choosing the integration constant appropriately we get
Ψ(y) = − 2A
λ
√
b
[
arctan (
√
b e−λy/2)− arctan (
√
b)
]
+Ψ0 (67)
where
A2 =
2 ǫΛ(n) (1 + b)
2
(n− 2)F0 − λ
2 b (n− 1). (68)
Clearly this equation requires ǫΛ(n) > 0. The corresponding potential can be written as
V (Ψ) = − ǫ
8 b
(n− 1) [A2 sin2 α(Ψ) + nλ2b] , (69)
with
α(Ψ) =
λ
√
b
A
(Ψ−Ψ0)− 2 arctan(
√
b). (70)
• For A = 0, the field and the potential are constant. In this case the energy-momentum tensor in (n + 1)
dimension reduces to (64) and λ = ±√C, where C is given by (28). Thus, A = 0 implies
b =
ǫ Λ¯(n)
3C
(1 + b)2
F0
After a rescaling F0 → F0 (1 + b)2, the function F given by (66) becomes identical to (33).
Thus, the function F does not determine, in a unique way, the energy-momentum tensor in (n+ 1)-dimensions;
choosing F in such a way that it has the same functional form as in an Einstein embedding, we can generate a new
family of embeddings, with nontrivial Ψ and V , which contains the original one as a limiting case. This is something
one should have expected a priori, because in general relativity the same geometry can be engendered by different
material distributions.4
Example III: As a final example we consider the embedding of vacuum solutions of n-dimensional general relativity
with Λ(n) = 0. In this case (15) can be formally integrated as
F (y) = F0 e
a y e−
∫
f(y) dy, (71)
where F0 and a are constants of integration and f(y) is given by
Ψ′2 =
(n− 1)
2
f ′. (72)
Substituting (71) into (14) we find
ǫ V =
(n− 1)
8
[
2 f ′ − n (a− f)2] . (73)
If we set f = 0 we regain the Einstein embeddings of Type II with a = ±√C.
4A nice example is provided by the FRW dust models which can be interpreted as exact solutions of the Einstein field equations for
a viscous fluid [50].
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To complete the embedding we need to specify the function f . We wish to generalize the model given in [45]. To
this end we choose
f(y) = −2 pλ (1 + λ y)m, (74)
where (p, λ, m) are some constant parameters. In fact, substituting this into (72) we get
Ψ′2 = −mp (n− 1)λ
2
(1 + λ y)1−m
. (75)
When m = −1 this expression reduces to (21) and Ψ is given by (22). For other values of m the solution is
Ψ = q¯ (1 + λ y)(m+1)/2 +Ψ0, m 6= −1, (76)
where Ψ0 is a constant of integration and
q¯ =
2
√
(−mp)(n− 1)
m+ 1
.
The embedding function corresponding to (74) is given by
F (y) = F0 e
ay × exp
[
2 p (1 + λ y)m+1
m+ 1
]
, m 6= −1, (77)
and
F (y) = F0 e
ay × (1 + λ y)2p, m = −1. (78)
For m = −1 the scalar field is identical to (22). However, the potential is not equal to (24) - unless a = 0.
For a = 0 and m 6= 1 the potential has the form
ǫ V = − (n− 1) p λ
2
2
[n pZ2m +mZm−1], Z =
(
Ψ−Ψ0
q¯
)2/(m+1)
, m 6= −1. (79)
The above examples demonstrate that the embeddings provided by the metric (16) are consistent with higher-
dimensional scalar fields with different potentials (not only exponential), in contrast with what is claimed in [45].
6 Final remarks
We have shown that all vacuum solutions of general relativity in n-dimensions, with or without a cosmological
constant Λ(n), can in several nonequivalent ways be embedded in a (n + 1)-dimensional space which is either an
Einstein space or a solution of the higher-dimensional field equations whose source is a real massless scalar field Ψ,
minimally-coupled to Einstein gravity and self-interacting through a potential V (Ψ). This work generalizes a number
of results discussed in the literature [43–48].
From (16) it follows that all the hypersurfaces orthogonal to the unit vector nˆA = δAy inherit the line element
dS2
∣∣
Σ
= ds2 = F (y) gab dx
a dxb. (80)
Since (n)Rµν is invariant under a constant conformal transformation of the metric, the effective cosmological constant
in n-dimensions, say Λeff(n) , is
Λeff(n) =
Λ(n)
F (y)
. (81)
This is a consequence of the fact that the induced metric (80) has a scaling symmetry; if we perform a coordinate
transformation
dx¯a =
√
F dxa,
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then, in terms of the barred coordinates, ds2 = g¯ab dx¯
a dx¯b. The metric g¯ab = g¯ab(x¯) has the same form as gab but with
rescaled constants. As an illustration let us consider an example. For simplicity we examine the Schwarzschild-de
Sitter metric in spherical space coordinates5 (r, θ, φ)
ds2 = hdt2 − dr
2
h
− r2 (dθ2 + sin2 θdφ2), (82)
with
h = 1− 2M
r
− Λ(4)
3
r2, (83)
which is a solution of the four-dimensional Einstein field equations (4)Gµν = Λ(4) gµν . The two parameters M and
Λ(4) represent the mass of the central body and the cosmological constant, respectively.
The five-dimensional spacetime with metric
dS2 = γAB dx
AdxB = F (y)
(
hdt2 − dr
2
h
− r2 dΩ2
)
+ ǫdy2, (84)
where F is any of the functions discussed in the previous sections, provides an embedding for the Schwarzschild-de
Sitter metric. In fact, on any hypersurface Σ orthogonal to y, after the transformation of coordinates
r¯ =
√
F r, t¯ =
√
F t
the metric (84) reduces to
dS2
∣∣
Σ
= ds2 =
(
1− 2M
eff
r¯
−
Λeff(4)
3
r¯2
)
dt¯2 −
(
1− 2M
eff
r¯
−
Λeff(4)
3
r¯2
)−1
dr¯2 − r¯2 dΩ2, (85)
where the effective mass M eff and cosmological constant Λeff(4) in 4D depend on the extra coordinate, viz.,
M eff =M
√
F (y), Λeff(n) =
Λ(4)
F (y)
. (86)
If physics takes place on a hypersurface of constant y, then M and Λ(4) are constants. However, if we adopt the
approach used elsewhere, in which y(s) is given by a solution of the 5D geodesic equation, then these quantities are
no longer constants but vary with time [42–44,52]. This approach can bring to light important physical effects, e.g.,
in the early universe and galaxy formation. The study of such effects is beyond the scope of this work.
Finally, we note that a nonvanishing logarithmic derivative of the embedding function F gives rise to an extra
(non-gravitational) force acting in n-dimensions. This follows from the assumption that massless particles in (n+1)
move along null geodesics, in the same way as photons in 4D. Indeed, the geodesic equation in the embedding
higher-dimensional space is
d2xA
dχ2
+KABC
dxB
dχ
dxC
dχ
= 0, (87)
where χ is some affine parameter along the geodesic. To obtain the n-dimensional part of the geodesic equation (87)
we set A = a = 0, 1, ..., n and introduce the function l as
dχ = lds. (88)
After some manipulations we get
d2xa
ds2
+ Γabc
dxb
ds
dxc
ds
=
[
1
l
dl
ds
− F
′
F
dy
ds
]
dxa
ds
. (89)
5This applies to more general solutions in vacuum, e.g., Kerr or Kerr-de Sitter in any number of dimensions [51]
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Now setting A = y, and using (80), we find
d2y
ds2
− 1
l
(
dl
ds
)(
dy
ds
)
− ǫ F
′
2F
= 0. (90)
If ǫ = −1, then the assumption dS2 = 0 implies ds2 = dy2 > 0 which corresponds to a timelike geodesic of a massive
particle in n-dimensions. Along such geodesics we can take (dy/ds) = 1. Finally, combining (89)-(90) we obtain
d2xa
ds2
+ Γabc
dxb
ds
dxc
ds
= − F
′
2F
dxa
ds
. (91)
The term on the right-hand side modifies the conventional geodesic motion. It represents an extra force per unit
mass (a fifth force) that causes an anomalous acceleration, which in principle could be detected experimentally.
Appendix A: Evaluation of the Kretschmann scalar
To investigate the presence of singularities in the embedding spacetime we study the Kretschmann scalar
K̂2 = R̂ABCD R̂
ABCD, (A-1)
where R̂ABCD =
(n+1)RABCD is the Riemann tensor in (n+1) - dimensions. For the embeddings under consideration,
generated by the line element (16), Christoffel symbols (6) reduce to
Kyyy = K
a
yy = K
y
ay = 0
Kbya =
F ′
2F
δba, K
y
ab = −
ǫ
2
F ′ gab, K
c
ab = Γ
c
ab. (A-2)
As a consequence the Riemann tensor in (n+ 1)-dimensions can be decomposed as
R̂abcd = F Rabcd + ǫ
F ′2
4
(gbc gad − gbd gac) (A-3)
R̂abcy = 0 (A-4)
R̂ayby = −1
2
gab
(
F ′′ − F
′2
2F
)
. (A-5)
Here Rabcd =
(n)Rabcd is the Riemann curvature tensor constructed with the metric gab. To evaluate (A-1) we note
that K̂2 =
(
R̂abcd R̂
abcd + 4 R̂ayby R̂
ayby
)
, with
R̂abcd R̂
abcd =
1
F 2
RabcdR
abcd − ǫ F
′2
F 3
R+
n(n− 1)
8
(
F ′
F
)4
(A-6)
R̂ayby R̂
ayby =
n
4F 2
(
F ′′ − F
′2
2F
)2
, (A-7)
where R is the scalar curvature of the n-dimensional space, i.e., R = gac gbdRabcd. For the spacetime described by
(1) it is R = −[2nΛ(n)/(n− 2)]. Thus, using the above expressions we obtain
K̂2 =
K2
F 2
+ n
[(
F ′′
F
)2
− F
′′ F ′2
F 3
+
(n+ 1)
8
(
F ′
F
)4
+
2 ǫΛ(n)
n− 2
F ′2
F 3
]
, (A-8)
with K2 = RabcdR
abcd.
15
References
[1] T. Kaluza, “Zum Unita¨tsproblem der Physik”, Sitzungsberichte Preuische Akademie der Wissenschaften (1921)
966 [http://archive.org/details/sitzungsberichte1921preussi].
[2] N. Arkani-Hamed, S. Dimipoulos and G. Dvali, Phys. Lett. B429 (1998) 263 [arXiv: hep-ph/9803315].
[3] N. Arkani-Hamed, S. Dimipoulos and G. Dvali, Phys. Rev. D59 (1999) 086004 [arXiv: hep-ph/9807344].
[4] I. Antoniadis, N. Arkani-Hamed, S. Dimipoulos and G. Dvali, Phys. Lett. B436 (1998) 257 [arXiv:
hep-ph/9804398].
[5] L. Randall and R. Sundrum, Mod. Phys. Lett. A13 (1998) 2807 [arXiv: hep-ph/9905221].
[6] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 4690 [arXiv: hep-th/9906064].
[7] G. R. Dvali, G. Gabadadze, and M. Porrati, Phys. Lett. B484 (2000) 112 [arXiv: hep-th/0002190].
[8] G. R. Dvali, G. Gabadadze, and M. Porrati, Phys. Lett. B485 (2000) 208 [arXiv: hep-th/0005016].
[9] P.S. Wesson, Gen. Rel. Gravit. 16 (1984) 193.
[10] J. Ponce de Leon, Gen. Rel. Grav. 20 (1988) 539.
[11] J. Ponce de Leon and P.S. Wesson, J. Math. Phys. 34 (1993) 4080.
[12] P.S. Wesson, Space-Time-Matter (World Scientific Publishing Co. Pte. Ltd. 1999, Singapore).
[13] Tetsuya Shiromizu, Kei-ichi Maeda and Misao Sasaki, Phys. Rev. D62 (2000) 02412 [arXiv: gr-qc/9910076].
[14] R. Maartens, Phys. Rev. D62 (2000) 084023 [arXiv: hep-th/0004166].
[15] A. Chamblin, Class. Quant. Grav. 18 (2001) L-17 [arXiv: hep-th/0011128].
[16] M. Bruni, C. Germani and R. Maartens, Phys. Rev. Lett. 87 (2001) 23130, [arXiv: gr-qc/0108013].
[17] R. Maartens, “Geometry and dynamics of the brane-world” [arXiv: gr-qc/0101059].
[18] C. Germani and R. Maartens, Phys. Rev. D64 (2001) 124010 [arXiv: hep-th/0107011].
[19] N. Dadhich and S.G. Gosh, Phys. Lett. B518 (2001) 1 [arXiv: hep-th/0101019].
[20] M. Govender and N. Dadhich, Phys. Lett. B538 (2002) 233 [arXiv: hep-th/0109086].
[21] N. Deruelle and J. Katz, Phys. Rev. D64 (2002) 083515 [arXiv: gr-qc/0104007].
[22] J. Saavedra and Y. Va´squez, JCAP 0904 (2009) 013 [arXiv: 0803.1823].
[23] B. Mashhoon, P.S. Wesson, and H. Liu, Gen. Rel. Grav. 30 (1998) 555.
[24] P.S. Wesson, B. Mashhoon, H. Liu, W.N. Sajko, Phys. Lett. B456 (1999) 34.
[25] D. Youm, Phys. Rev. D62 (2000) 084002 [arXiv: hep-th/0004144].
[26] D. Youm, Mod. Phys. Lett. 16 (2001) 2371 [arXiv: hep-th/0110013].
[27] J. Ponce de Leon, Gravitation and Cosmology 8 (2002) 272 [arXiv: gr-qc/0104008].
[28] J. Ponce de Leon, Phys. Lett. B523 (2001) 311 [arXiv: gr-qc/0110063].
[29] S.S. Seahra, Phys. Rev. D65 (2002) 124004 [arXiv: gr-qc/0204032].
16
[30] J. Ponce de Leon, Int.J.Mod.Phys. D12 (2003) 757 [arXiv: gr-qc/0209013].
[31] M. Pavs˘ic˘ and V. Tapia, “Resource Letter on geometrical results for Embeddings and Branes” (2000) [arXiv:
gr-qc/0010045].
[32] P.S. Wesson, “The Embedding of General Relativity in Five-Dimensional Canonical Space: A Short History and
a Review of Recent Physical Progress” (2010) [arXiv: 1011.0214].
[33] J.E. Campbell, A Course of Differential Geometry. Clarendon. Oxford, 1926. This theorem is valid in any
number of dimensions and serves as a ladder to go between manifolds whose dimensionality differs by one. It
was originally proposed by Campbell but the demonstration was given later by Magaard: L. Magaard, Ph.D.
thesis, Kiel (1963).
[34] S. Rippl, C. Romero and R. Tavakol, Class.Quant.Grav. 12 (1995) 2411 [arXiv: gr-qc/9511016].
[35] J. E. Lidsey, C. Romero, R. Tavakol and S. Rippl, Class.Quant.Grav. 14 (1997) 865 [arXiv: gr-qc/9907040].
[36] E. Anderson and J. E. Lidsey, Class. Quant. Grav. 18 (2001) 4831 [arXiv: gr-qc/0106090].
[37] F. Dahia, C. Romero, J.Math.Phys. 43 (2002) 3097 [arXiv:gr-qc/0111058].
[38] F. Dahia and C. Romero, J.Math.Phys. 43 (2002) 5804 [arXiv: gr-qc/0109076].
[39] S.S. Seahra and P.S. Wesson, Class.Quant.Grav. 20 (2003) 1321 [arXiv: gr-qc/0302015].
[40] P. S. Wesson, “In Defense of Campbell’s Theorem as a Frame for New Physics” (2005) [arXiv: gr-qc/0507107].
[41] J. Ponce de Leon, Class.Quant.Grav. 23 (2006) 3043 [arXiv: gr-qc/0512067].
[42] J. Ponce de Leon, Grav.Cosmol. 14 (2008) 241 [arXiv: 0712.4301].
[43] B. Mashhoon and P.S. Wesson, Class.Quant.Grav. 21 (2004) 3611 [arXiv:gr-qc/0401002].
[44] B. Mashhoon and P.S. Wesson, Gen.Rel.Grav. 39 (2007) 1403 [arXiv:0705.0067].
[45] E. Anderson, F. Dahia, James E. Lidsey and C. Romero, J.Math.Phys. 44 (2003) 5108 [arXiv:gr-qc/0111094].
[46] J. B. Fonseca-Neto and C. Romero, Class.Quant.Grav. 24 (2007) 3515 [arXiv: gr-qc/0703103].
[47] P.S. Wesson, B. Mashhoon and H. Liu, Mod. Phys. Lett. A12 (1997) 2309.
[48] A. Bejancu, C. Ca˘lin, and H.R. Farran, J. Math. Phys. 53 (2012) 122503.
[49] I.Y. Park, C.N. Pope and A. Sadrzadeh, Class.Quant.Grav. 19 (2002) 6237 [arXiv: hep-th/0110238].
[50] A.A. Coley, and B.O.J. Tupper, Phys. Lett. A100 9 (1984) 495.
[51] G.W. Gibbons, H. Lu, D.N. Page, C.N. Pope, Phys.Rev.Lett. 93 (2004) 171102 [arXiv: hep-th/0409155].
[52] J.M. Overduin, P.S. Wesson and B. Mashhoon, Astronomy & Astrophysics 473 (2007) 727 [arXiv: 0707.3148].
17
